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Abstract
The Fourier component of the potential energy of interaction of an atom with an atom is represented as a
polynomial of the fourth degree from the atomic form factor. A numerical calculation was performed for the
atomic form factor in the approximation of hydrogen-like wave functions. It is shown that taking the Pauli
principle into account leads to two local potential wells, which are separated by a potential barrier. It was shown
that this model gives satisfactory agreement with the experiment in the depth of the potential well, but its position
and width differ from the results of the experiment with a diatomic beryllium molecule (dimer). It is shown that
the further approach of two beryllium atoms leads to a new potential minimum, which could not be found in the
literature.
Keywords: potential interaction energy, Pauli principle, wave functions of a hydrogen-like atom, beryllium
atom.
The density functional method continues to be the main method for calculating the interaction between atoms
(see, for example, [1]) despite criticism of the method [2, 3]. The search for other methods for calculating the
interaction between atoms remains relevant. In [4], an alternative solution to this problem was proposed, in which
taking the Pauli principle into account leads to a potential barrier and an additional attraction region of two atoms.
Further development of the approach [4] is presented in this paper.
Consider the potential energy of interaction of an atom with a charge Z1e with an atom whose charge Z2e
U =
Z1Z2e
2
|r1 − r2| +
Z1∑
j1=1
Z2∑
j2=1
e2
|r1j1 − r2j2 |
−
Z2∑
j2=1
Z1e
2
|r1 − r2j2 |
−
Z1∑
j1=1
Z2e
2
|r2 − r1j1 |
, (1)
where r1 = r10 + δr1 and r2 = r20 + δr2 — vectors determining the position of atomic nuclei; r1j1 = r1 + δrj1 and
r2j2 = r2 + δrj2 — vectors determining the position of the j1-th electron of the first atom and j2-th electron of the
second atom.
Fluctuations in the potential interaction energy (1) are caused by quantum fluctuations experienced by atomic
electrons and nuclei. Averaging over the quantum fluctuations of the location of atomic electrons will be carried
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out using the method [5], which Bethe used to calculate the atomic form factor, and averaging over the quantum
fluctuations of atomic nuclei will be performed as the Debye-–Waller factor is introduced. We average (1) over the
squares of the absolute values of the wave functions of electrons and atomic nuclei. The corresponding means will
be denoted 〈...〉e1, 〈...〉e2, 〈...〉n1, 〈...〉n2.
We expand the potential interaction energy (1) in the Fourier integral
U =
∫
d3k
(2pi)3
4piZ1Z2e2
k2
exp [ik(r1 − r2)] + 4pie
2
k2
Z1∑
j1=1
Z2∑
j2=1
exp [ik(r1j1 − r2j2)]−
−4piZ2e
2
k2
Z1∑
j1=1
exp [ik(r2 − r1j1)]−
4piZ1e
2
k2
Z2∑
j2=1
exp [ik(r1 − r2j2)]
 . (2)
We average (2) over the squared modulus of the wave function of the electrons of the first atom
〈U〉e1 =
∫
d3k
(2pi)3
(
4piZ1Z2e
2
k2
exp [ik(r1 − r2)] + 4pie
2
k2
〈
Z1∑
j1=1
Z2∑
j2=1
exp [ik(r1j1 − r2j2)]
〉
e1
−
−4piZ2e
2
k2
〈
Z1∑
j1=1
exp [ik(r2 − r1j1)]
〉
e1
− 4piZ1e
2
k2
Z2∑
j2=1
exp [ik(r1 − r2j2)]
 ; (3)
〈
Z1∑
j1=1
Z2∑
j2=1
exp [ik(r1j1 − r2j2)]
〉
e1
= F1(k)
Z2∑
j2=1
exp [ik(r1 − r2j2)] ;
〈
Z1∑
j1=1
exp [ik(r2 − r1j1)]
〉
e1
= F1(k) exp [ik(r1 − r2)] ,
where F1(k)–atomic form factor; F1(0) = Z1.
We average 〈U〉e1 over the squared modulus of the wave function of the electrons of the second atom
〈U〉e1,e2 =
∫
d3k
(2pi)3
4piZ2e2
k2
(Z1 − F1(k)) exp [ik(r1 − r2)]− 4pie
2
k2
(Z1 − F1(k))
〈
Z2∑
j2=1
exp [ik(r1 − r2j2)]
〉
e2
 ;
〈
Z2∑
j2=1
exp [ik(r1 − r2j2)]
〉
e2
= F2(k) exp [ik(r1 − r2)] . (4)
Let us average the potential energy of interaction of two atoms over the squares of the moduli of the wave
functions of atomic nuclei, which slightly deviate from their equilibrium position due to quantum fluctuations
〈U〉e1,e2,n1,n2 =
∫
d3k
(2pi)3
4pie2
k2
[Z1 − F1(k)] [Z2 − F2(k)] exp
[
−k
2
2
(σ21 + σ
2
2)
]
exp [ik(r10 − r20)] , (5)
where U(k) = 4pie
2
k2 [Z1 − F1(k)] [Z2 − F2(k)] exp
[
−k22 (σ21 + σ22)
]
–Fourier component of the potential energy of
interaction of two atoms; σ21 and σ
2
2 – average squares of the amplitude of quantum fluctuations of atomic nuclei
per one degree of freedom; r = |r10 − r20| – distance between atoms.
Similar to how this is done in kinetic theory [6], we add to the expression for the Fourier component of the
potential energy of interaction of two atoms a factor (1− F (k)/Z), with which we will take into account the Pauli
principle. The quantity F (k)/Z is the Fourier component of the distribution density of atomic electrons, which is
normalized to unity. As a result, we get
U(k) =
4piZ1Z2e
2
k2
[
1− F1(k)
Z1
]2 [
1− F2(k)
Z2
]2
exp
[
−k
2
2
(σ21 + σ
2
2)
]
. (6)
2
Atomic form factors were calculated using the wave functions of a hydrogen-like atom
Fi(k) =
16ni1
(4 + a2i k
2)2
+
ni2(1− 3a2i k2 + 2a4i k4)
(a2i k
2 + 1)4
+
ni3(1− 5a2i k2)
(a2i k
2 + 1)4
+
ni4
(1 + a2i k
2)3
, (7)
where nij – electron distribution over electron shells 1s, 2s, 2p0, 2p±1 for the i-th atom; subscript in 2p0 and 2p±1–
states indicates the value that the magnetic quantum number takes m = 0 or m = ±1; ai = a0/Zi ≈ 0.529
◦
A/Zi
–screening length i-th of a hydrogen atom.
In 1s, 2s, 2p0 – states, there can be from zero to two electrons (0 ≤ nij ≤ 2 at 1 ≤ j ≤ 3), and in 2p±1 – state
from zero to four electrons (0 ≤ ni4 ≤ 4).
We will follow the principle that a closed physical system seeks to achieve a state with the least energy. It can
be shown that the potential interaction energy of two beryllium atoms reaches a minimum when the electrons are
distributed over the electron shells as follows
(nij) =
(
0 2 2 0
0 2 2 0
)
, that’s
(
0 2s2 2p20 0
0 2s2 2p20 0
)
.
A graph of the potential interaction energy of two beryllium atoms as a function of the distance between them
is shown in Fig.1. A comparison of the calculation results with experiment [7] is presented in Fig.2. Satisfactory
agreement with the experiment is observed along the depth of the potential well, but its position and width differ
from the experimental results [7]. If the value of the screening length is reduced, the position and depth of the
potential well will be close to the experimental results, and the width of the well will differ from the experimental
values. Further convergence of the two beryllium atoms leads to a new potential minimum (Fig.1a), which could
not be found in the literature. It can be seen that this new quasistationary state will not be stable, since the
charge state of the beryllium dimer can change due to the tunneling effect of atomic electrons through the barrier
(Fig.1b). The question remains open about the possibility of observing in experiment the effects associated with
this new quasistationary state. The calculation results with σ > 0 will be published later.
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Fig. 1. Potential interaction energy of two beryllium atoms depending on the distance between them: a)r/a ∈
[0; 11], b)r/a ∈ [10; 20], c)r/a ∈ [18; 32]. Calculation result for ai = 0.529/Zi = 0.1323
◦
A(dashed line) and
ai = 0.117
◦
A(dash-dot line). In all calculations σ = 0.
Fig. 2. Comparison of experiment [7] (solid line) and calculation results for ai = 0.529/Zi = 0.1323A˚(dashed
line) and ai = 0.117
◦
A(dash-dot line). In all calculations σ = 0.
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Figure 1a. Potential interaction energy of two beryllium atoms depending on the distance between them: r/a ∈ [0; 11].
Calculation result for ai = 0.529/Zi = 0.1323
◦
A(dashed line) and ai = 0.117
◦
A(dash-dot line). In all calculations σ = 0.
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Figure 1b. Potential interaction energy of two beryllium atoms depending on the distance between them: r/a ∈
[10; 20]. Calculation result for ai = 0.529/Zi = 0.1323
◦
A(dashed line) and ai = 0.117
◦
A(dash-dot line). In all calcula-
tions σ = 0.
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Figure 1c. Potential interaction energy of two beryllium atoms depending on the distance between them: r/a ∈
[18; 32]. Calculation result for ai = 0.529/Zi = 0.1323
◦
A(dashed line) and ai = 0.117
◦
A(dash-dot line). In all calcula-
tions σ = 0.
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Figure 2. Comparison of experiment [7] (solid line) and calculation results for ai = 0.529/Zi = 0.1323A˚(dashed line)
and ai = 0.117
◦
A(dash-dot line). In all calculations σ = 0.
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